A Hamiltonian formulation of generic many-body systems with balanced loss and gain is presented. It is shown that a Hamiltonian formulation is possible only if the balancing of loss and gain terms occur in a pairwise fashion. It is also shown that with the choice of a suitable co-ordinate, the Hamiltonian can always be reformulated in the background of a pseudoEuclidean metric. If the equations of motion of some of the well-known many-body systems like Calogero models are generalized to include balanced loss and gain, it appears that the same may not be amenable to a Hamiltonian formulation. A few exactly solvable systems with balanced loss and gain, along with a set of integrals of motion is constructed. The examples include a coupled chain of nonlinear oscillators and a many-particle Calogero-type model with four-body inverse square plus two-body pair-wise harmonic interactions. For the case of nonlinear oscillators, stable solution exists even if the loss and gain parameter has unbounded upper range. Further, the range of the parameter for which the stable solutions are obtained is independent of the total number of the oscillators. The set of coupled nonlinear equations are solved exactly for the case when the values of all the constants of motions except the Hamiltonian are equal to zero. Exact, analytical classical solutions are presented for all the examples considered.
Introduction
The Hamiltonian formulation of dissipative systems is a recurring theme in physics [1, 2] . One of the earliest approaches to the problem is to introduce an auxiliary system as a thermal bath that is time-reversed version of a dissipative harmonic oscillator. The original and the auxiliary oscillators considered together is described in terms of a Hamiltonian, when the loss and gain are balanced equally. The rates of dissipation from the system and absorption by bath are same and the total energy of the system-bath combination is conserved. Quantization of the Hamiltonian involves various subtle issues with important results and applications [3, 4, 5, 6, 7, 8, 9] . Studies on systems invariant under the combined operation of parity(P) and time-reversal (T ) symmetry is currently an active area of research [10] - [14] with plethora of experimental results in the context of superconductivity [15] , [16] , optics [17] - [20] , microwave cavities [21] , atomic diffusion [22] , nuclear magnetic resonance [23] , coupled electronic and mechanical oscillators [24, 20] , coupled whispering galleries [25, 26] etc. It is within the context of experiments on coupled whispering gallery modes, the Hamiltonian of dissipative harmonic oscillators with balanced loss and gain was reconsidered. The Hamiltonian is invariant under combined PT -symmetry which the solutions do not obey. Consequently, the Hamiltonian neither admits classically stable solutions, nor quantum bound states. However, if the two oscillators are coupled through PT symmetric interactions, classically stable solutions as well as quantum bound states exist within the ranges of the parameters for which PT symmetry remains unbroken. An equilibrium is reached for the case of unbroken PT symmetry so that the amount of energy transferred to the bath is reverted back to the system at the equal rate. This mathematical model explains well the results obtained in Ref. [26] and opens up several new possibilities.
Hamiltonians with balanced loss and gain describe a class of systems which are intermediate between open and closed systems. In the theory of quantum dissipation [27, 28] , the system is coupled to bath consisting of infinitely many harmonic oscillators so that the energy can not be transferred back to the system. On the other hand, the sole objective of adding PT symmetric interaction to the systems with balanced loss and gain is to achieve an equilibrium for which the energy is reverted back to the system from the bath at the same rate as it is deposited to the bath from the system. For the case of broken PT symmetry, the equilibrium is lost and the Hamiltonian is suitable for describing open system. Dissipation is a natural phenomenon and with the technological advancements, tailoring systems with balanced loss and gain is a reality. Within this background, it is utmost important to study more systems with balanced loss and gain. It may be recalled at this point that a system of coupled nonlinear oscillators with balanced loss and gain was investigated in Ref. [29] with some interesting results. In absence of any Hamiltonian formulation of this model, another system of nonlinear oscillators with balanced loss and gain was analyzed in Ref. [30] which admits a Hamiltonian formulation. A chain of linear oscillators with its continuum limit has been studied in Ref. [31] . It has been shown recently that two-body rational Calogero model with balanced loss and gain terms is exactly solvable admitting classically stable solutions as well as quantum bound states in the unbroken PT phase [32] . In spite of all of these developments, a Hamiltonian formulation of generic many-particle systems with balanced loss and gain in a model independent way is lacking. It may be noted that coupled non-linear Schrödinger equations with balanced loss and gain describe important physical effects in PT symmetric theory. The Lagrangian and Hamiltonian formulation of such systems can be achieved in a straightforward way within the formulation of non-relativistic field theory. However, the issue of incorporating balanced loss and gain terms to generic many-particle classical and quantum mechanical systems has not been addressed in the literature with its full generality.
The purpose of this article is to present a systematic investigation on Hamiltonian formulation of generic many-particle classical and quantum mechanical systems with balanced loss and gain. The form of a generic many-particle Hamiltonian including gauge potentials is assumed and conditions are imposed so that the resulting equations of motion contain balanced loss and gain terms. This severely restricts the allowed ranges of gain-loss coefficients and types of interaction potentials. The balancing of loss and gain terms necessarily occurs in a pair-wise fashion, i.e. corresponding to the co-efficient γ of a loss term, there necessarily exists a gain term with the co-efficient −γ. The balancing of γ by two or more terms is strictly forbidden. Further, it appears that some of the well known many-particle systems like Calogero models [33, 34, 35, 36, 37] are not amenable to Hamiltonian formulation for three or more particles, if they are generalized to include balanced loss and gain terms. One important aspect of Calogero model is that each particle interacts with rest of the particles and it is manifested in the respective equations of motion. If this feature is relaxed, Hamiltonian formulation of many-body systems governed by inverse-square plus harmonic interaction with balanced loss and gain terms may be constructed. In fact, in spite of the imposing restrictions, a Hamiltonian formulation is possible for a very large class of systems with balanced loss and gain. The known examples are reproduced within the formulation presented in this article and some new examples are presented. Finally, it is shown that the Hamiltonian can always be reformulated in the background of a pseudo-Euclidean metric through some co-ordinate transformations. A Hamiltonian formulation for systems with spacedependent balanced loss and gain is also presented.
The systems with balanced loss and gain terms are investigated from the viewpoint of exactly solvable models. In particular, exactly solved systems are constructed for specified forms of potentials. Two classes of exactly solvable models with balanced loss and gain are presented which are characterized by invariance of the potential under specific symmetry transformations: (I) translation and (II) rotation in a pseudo-Euclidean space endowed with the metric g ij = (−1) i+1 δ ij [38] . It should be mentioned here that the action or the Hamiltonian of type-I systems is not invariant under translation, only the potential respects this symmetry. Similarly, the Hamiltonian for type-II models is not invariant under rotation in any plane in the pseudo-
Hamiltonian Formulation
A systematic investigation on the Hamiltonian and Lagrangian formulation of many-particle systems with balanced loss and gain is presented in this section. The approach taken in this article is quite general and applicable to a large class of many-particle systems with balanced loss and gain. The Hamiltonian is assumed to be of the form,
where X = (x 1 , x 2 , ....x N ) T and Π = (π 1 , π 2 , ....π N ) T are N coordinates and their conjugate momenta, respectively. The suffix T denotes transpose, i.e X T = T ranspose(X). The study of constrained systems is beyond the scope of the present article and hence, the N × N real symmetric matrix M is taken to be non-singular. Any non-standard form of Hamiltonian is also excluded from the purview of present article. The generalized momenta Π is defined as,
where P T = (p 1 , p 2 , . . . , p N ) is the conjugate momenta and A is a real N × N square matrix. Further restrictions on M and A will follow by demanding that H describes a many-particle system with balanced loss and gain terms.
The Hamiltonian (1) may be re-expressed as,
and the resulting Eqs. of motion has the following form:
The matrix A can be decomposed as the sum of a symmetric matrix A s and an anti-symmetric matrix A a . The matrix A s does not contribute to the Eq. of motion (4) . Further, A s can be gauged away from Π in Eq. (2) and hence, from H in the corresponding quantum theory. In particular,
where = 1. Thus, the matrix A can be chosen to be anti-symmetric without loss of any generality. The choice A = R 2 is consistent with the definition of anti-symmetric matrix R. The equation of motion in equation (4) may also be derived from the Lagrangian,
which is invariant under the operation of transposition, i.e., L T = L, since R is an anti-symmetric matrix by construction. The parity and time-reversal symmetry may be defined as,
where W is an N × N orthogonal matrix with determinant −1. The invariance of the Lagrangian L and H under PT implies that W commutes with M , while anti-commutes with R.
A phase-space analysis of Eqs. (3) and (4) may be performed with the assumption that dissipation is due to terms linear in velocity in the equations of motion. The result shows that only the diagonal elements of the matrix M R are relevant for determining whether or not the system is dissipative. The following condition is imposed by demanding that the velocity dependent term in the Eq. of motion for x i should only containẋ i :
It can be shown that the matrices M , R and D anti-commute with each other:
The first relation is derived by using the fact that M and D are symmetric matrices, while R is an anti-symmetric matrix. Rest of the relations follow from the first one and Eq. (8). All the above relations in Eq. (9) are true even if D is non-diagonal, but a symmetric matrix. The anti-commutation relation involving M and D leads to trace less condition on D,
implying that the gain and loss are balanced, i.e i γ i = 0. It can be further shown that the balancing of loss and gain terms necessarily occurs in a pairwise fashion for even N . In particular, if v is an eigen-vector of D with non-vanishing eigen-value λ, then M v is also an eigen-vector of D with eigenvalue −λ. Thus, the non-vanishing γ i 's are grouped into N/2 independent pairs γ i + γ j such that no two indices are repeated twice and each such pair is equal to zero. The anti-commutation relation between M and D also implies that at least one of the γ i 's must be equal to zero for odd N for which det(D) = 0:
Further, it follows from Eq. (8) that det(R) = 0 for det(D) = 0, since M is non-singular. Both R and D can be chosen to be non-singular for even N and the following relations hold:
Further, for even N , the minimum and maximum numbers of independent non-vanishing offdiagonal elements of M ij are N/2 and N 2 /4, respectively. The same result for odd N may be obtained by substituting N → N − 1 in the respective expression for even N . For odd N , the element M N N = 0.
A few comments are in order before proceeding further: (1)The anti-commutation relation of M with R or D for N = 2m, m ∈ Z + implies that corresponding to each of its m positive eigenvalues λ, there exists an eigenvalue −λ. 
the Hamiltonian H in Eq. (1) may be re-interpreted as defined in the background of an indefinite metric M d :
where Q := M dR and {M d ,R} = 0. The matrix Q is symmetric with all of its diagonal elements equal to zero, while M dR 2 is a symmetric matrix. It may be recalled that a similar indefinite metric appears in the Hamiltonian formulation of Pais-Uhlenbeck oscillator [39] .
(2) Systems with space-dependent dissipation coefficient exhibit interesting physical effect and has various applications. Two common examples from this class of systems are van der pol oscillator [40] and van der Pol-Duffing oscillator [41] . The coefficient acts as a gain term in some region of space, while it is dissipative in some other region of space. Such a system may be generalized to include balanced loss and gain terms by considering a time-reversed version of it as a thermal bath with a Hamiltonian formulation for the system-bath combination. The loss term in some region of space for the system is equally balanced by a gain term for the bath in the same region of space and vice verse. The Hamiltonian is still given by (1) with Π in Eq. (2) replaced by,
where F is a N component column vector with each component depending on the dependent variables. A similar analysis as above shows that the equation of motion reads,
System with space-dependent gain-loss term is obtained for suitable choices of the function F i . Note that when F i = xi N , the system reduces to the form of system having constant loss and gain coefficient.
Representation of Matrices
The condition (8) can be realized for N = 2 with the following choice:
where γ 1 = −γ 2 ≡ γ and σ x , σ y , σ z are Pauli spin matrices. Such a realization can be easily generalized to any even N = 2m, m ∈ Z + :
where the commutator of m × m diagonal matrix η := diagonal(γ 1 , γ 3 , . . . , γ m ) and the m × m invertible real symmetric matrix κ must vanish, i.e.,
The representations of M and D in Eq. (18) are chosen, while that of R is determined by using the Eq. (8) 
The matrixÔ generates the new coordinates and momenta as defined by Eq. (13) . The new Hamiltonian is given by Eq. (14) with
and has the following form
The first and third terms of Eq. (22) are quadratic in momenta and coordinate respectively and give the length in a pseudo Euclidean space. The second term is a sum of product of coordinates and momenta and bears the characteristic of balanced loss and gain system. It may be noted that the representation (18) is not unique and there are several other possibilities. One such example is presented below:
The diagonal matrix M d =ÔMÔ T corresponding to the representation (23) , gives rise to a pseudo Euclidean metric where the form of the matrixÔ, generating the new coordinates and momenta as defined by Eq. (13) , is given by:
and the form of M d becomes:
It may be noted that the i-th and the N + 1 − i-th eigenvalues of M d are equal but opposite in sign. The new Hamiltonian is given by Eq. (14) with
The Hamiltonian in the pseudo Euclidean space corresponding to the representations (18) and (23) are not equivalent in the sense that the determinant of M d is different in two cases. However, these two pseudo Euclidean metric can be made equivalent by simultaneous implication of the following rearrangements: i) A proper scale transformation for the representation (23) of conjugate coordinates and momenta of the following form:
ii) In case of representation (18) , a particular ordering of the eigenvalues of M d is assumed. If this ordering is made such that the i-th and the N + 1 − i-th eigenvalue become equal and opposite in sign. Thus, for both the representations (18) and (23), a similarity transformation to a pseudo Euclidean space followed by a proper scaling of coordinates and momenta will give rise to the same form of the Hamiltonian and hence the same equations of motion. However, in original coordinates the representations (18) and (23) describe different systems having different form of potentials. The solutions of these different kind of systems can be found by exploiting the solutions obtained in a pseudo Euclidean space. Either of the above representations of matrices for even N = 2m can be suitably generalized for odd N = 2m + 1. The 2m + 1 × 2m + 1 dimensional matrices M, R, D are constructed by embedding the respective 2m × 2m dimensional representation in it and choosing the extra matrix elements as follows:
The equation governing the dynamics of x 2m+1 does not contain any gain or loss term. However, it may be coupled to other degrees of freedom through appropriate choices of the interaction potential.
Examples
The Eq. of motion (4) can be re-written as,
and equivalently in component form:
Unlike in the standard Hamiltonian formulation, the Eq. of motion for x i does not contain the term ∂V ∂xi for even N due to the trace less condition on M . For odd N , only one diagonal element of M may be chosen to be non-zero. Consequently, if M pp = 0, the Eq. of motion for x p contains the term, ∂V ∂xp . If a system governed by the HamiltonianH = P T P +Ṽ is generalized to include balanced loss and gain terms such that a Hamiltonian formulation in the form of H is possible and the Eqs. of motion resulting from these two Hamiltonians are identical in the limit of vanishing loss and gain terms, then the following condition must hold:
This constitutes a set of coupled first-order differential equations. These equations are in general nonlinear, except for the case for which the potentialṼ is a quadratic form of the co-ordinates.
The set of equations can be solved for quadraticṼ . In particular,
where G is an arbitrary symmetric matrix. The system of coupled PT -symmetric oscillators with uniform loss and gain co-efficients and interaction parameters of Ref. [31] may be obtained by choosing the potential G as,
and using the representation of M given in Eq. (23), where I N is N × N identity matrix. Similarly, the example of system with non-uniform parameters may also be reproduced with following choices of M, D, R:
The matrix G for this case is an anti-tridiagonal matrix with the elements,
The formulation may be used to construct Hamiltonian system corresponding to coupled chain of nonlinear oscillators with balanced loss and gain terms. For example, a Hamiltonian system for two coupled nonlinear oscillators may be constructed by considering the representations of M, R, D as in Eq. (17) and choosing the potential,
This system is PT -symmetric and reduces to the example studied in Ref. [30] for a 3 = 0 = a 4 . It is also evident that a Hamiltonian formulation of the system of nonlinear oscillators considered in Ref. [29] is forbidden. There are various possibilities for generalizing this system to N coupled chain of nonlinear oscillators. A straightforward generalization would be to consider the potential,
and the representations in Eqs. (23) and (28) . The parameters appearing in V are chosen in such a way that the H is PT -symmetric.
System with space-dependent dissipative coefficient can be obtained from Eq. (16) . The example of this kind of systems are Van der pol oscillator [40] , in case of which the dissipative term has the coefficient (x 2 − 1), and duffing Van der pol oscillator [41] . Oscillator systems having space dependent dissipative coefficient can easily be generated for the appropriate form of F in Eq. (16) . For example, in case of two coupled oscillators with space dependent balanced loss and gain terms, the form of F may be considered as
The various type of coupling between the two oscillators can be generated by choosing appropriate form of the potential V . In this case Eq. (16) takes the following form:
where M, R, D are as in Eq. (17) . It may be noted that inside the circle x 2 1 + x 2 2 = 1, the first oscillator has a gain and the second oscillator has an equal amount of loss and out side the circle the situation is reversed.
Rational Calogero Model(RCM)
Given the importance of RCM and its relation to various diverse areas of physics, it is desirable to find its generalization involving balanced loss and gain terms. The potentialṼ RCM for the RCM has the following form:
An important feature of RCM is that each particle interacts with rest of the particles through inverse-square interaction. The potential V RCM is determined through a set of N coupled firstorder nonlinear partial differential equations:
For N = 2, V RCM can be determined easily:
where the representation of M is given by (17) . The classical as well as the quantum version of this two-body rational Calogero model has been studied in detail in Ref. [32] . Finding a solution for N > 2 and g = 0 is a highly nontrivial problem and it seems that a consistent solution of Eq. (41) may not exist. Many-body systems with balanced loss and gain terms may be constructed, where particles interact through harmonic plus inverse-square interaction. However, in the limit of vanishing loss/gain parameters, the equations of motion differ from that of RCM. These systems may be identified as Calogero-type models with balanced loss and gain terms. Such a system may be obtained easily by substitutingṼ RCM for V in Eqs. (1, 3, 29, 30) . The resulting Eqs. of motion with the representation of M as in Eq. (18) read:
The Eqs. of motion of classical RCM is not reproduced in the limit of vanishing γ. It may be noted that in Eq. (29), the column matrix ∂V ∂X is multiplied by the off diagonal matrix M which hinder N particle generalization of RCM with balanced loss and gain. In the case of RCM, the dynamics governing the i'th particle contains interaction terms where the i'th particle interacts through pair-wise harmonic plus inverse-square interaction with all other particles. However, in the present case, the dynamics governing the i'th particle contains interaction terms where its nearest neighbors interact with all other particles including it through pair-wise harmonic plus inverse-square interaction. In the limit of vanishing g, the coupled chain of linear oscillators considered in Ref. [31] is reproduced. Thus, the Hamiltonian which gives rise to Eqs. (43) is an appropriate generalization of the system considered in Ref. [31] with inverse-square interaction. This constitutes a new class of models which deserves further investigations. The exact solvability and/or integrability of the system is not apparent and beyond the scope of the investigations of the present article.
The most general integrable potential for Calogero-Moser-Sutherland(CMS) system is the Weierstrass elliptic potential of the following form V (x) = P(x, 2ω 1 , 2ω 2 ). This is a single valued doubly periodic function of a single complex variable x with ω 1 and ω 2 are being the two half periods. In the limit ω 1 → ∞, ω 2 → ∞, V (x) → x −2 and we get the rational CMS model [33] . The trigonometric or hyperbolic CMS model arises when either ω 1 or ω 2 → ∞. Below we discuss the case of trigonometric and hyperbolic potentials with balanced loss and gain.
The Sutherland model was originally motivated to extract thermodynamics from the model having only the rational interaction term. The Calogero model with only the rational potential is not a bound system and one could put the system in a finite periodic box, such that the particles interact through all the infinitely many periodic images of themselves. In this case the two-body potential becomes a periodic one. The Sutherland model can easily be generalized to incorporate the balanced loss and gain term for two particles system. For three or more particles, the Hamiltonian formulation is possible in the presence of balanced loss and gain term only if we relax the pair-wise interaction among the particles. The Sutherland model with trigonometric interaction is given by the potential:
The potential V S can be determined from Eq. (31):
This is a set of N coupled first order nonlinear partial differential equations. For N = 2, V S can be determined easily:
where the representation of M is given by (17) . For two particles case, the vanishing loss and gain parameter will produce the original model. The solutions of this model with balancing loss and gain term allow stable solutions. This model will be considered in detail in Ref. [42] . For three or more particles the solutions of Eq. (45) is highly nontrivial and it seems that a consistent solution may not exist. A Hamiltonian formulation for many particle system having balanced loss and gain and are interacting through a trigonometric potential may be constructed. However, in this case the vanishing loss and gain parameter will not produce the original model. This kind of model may be obtained by replacingṼ S by V S in constructing the Eqs of motion. The resulting Eqs. of motion are given by:
where the representation of M is given by (18) . The above model describes a system where the dynamics of the i-th particle involves interacting term where its nearest neighbor interact with all other particles including it. This constitutes a new class of model and needs further investigations. A similar construction for hyperbolic potential is possible in the presence of balanced loss and gain term if we replace a by ia in all above calculations. The many particle interaction of Calogero model is governed by root system of finite reflection groups. The type of Calogero model, we consider in this work belongs to A-type root system. However, Calogero-Moser system is integrable for other classical root systems (B,C,D) [35] as well for exceptional and non-crystallographic root systems [43] . For two particles case, various root systems can be modified to incorporate the loss and gain terms. Detail analysis regarding these models will be considered in [42] . However, all these models are not amenable to Hamiltonian formulation for three or more particles in the sense that the systems are not reduced to the original many-particle model in the limit of vanishing loss/gain parameter.
Exactly Solvable Models
The Hamiltonian is a constant of motion. The invariance of the Lagrangian L under different symmetry transformations may lead to other first integrals of the system. Invariance under spacetranslation is ruled out even for translationally invariant potential V . This is due to the presence of terms linear in X and X T , i.e. the second and the third terms in Eq. (6) . Similarly, invariance under rotation is also ruled out even for rotationally invariant potentials. Nevertheless, integrals of motion may be constructed for specific choices of M , D, R and V . A few such exactly solvable many-particle systems with N = 2m, m ∈ Z + are presented in this section. For the representation (18) 
Writing Eq. (22) in the component form, the Hamiltonian is obtained in the background of a pseudo Euclidean metric in the following form:
The conjugate momenta have the following expressions:
The Eqs. of motion can be derived from the Hamilton's equations of motion as,
In the subsequent discussions 2V is replaced by V . The Eqs. (51) is a set of 2m coupled differential equations. The parity (P) transformation is defined as,
For odd N = 2m + 1, the above relations are supplemented with the transformations for x 2m+1 and p 2m+1 , x 2m+1 → x 2m+1 , p 2m+1 → p 2m+1 . The time-reversal transformation T is defined as,
For odd number of particles N = 2m+1, the above relations are supplemented with the relations:
The Hamiltonian is invariant under the combined operation of PT provided the real potential V satisfies the condition:
It may be noted that the parity transformation defined by Eq. (52) is not unique. Consequently, the condition on V (z − i , z + i ) to be PT symmetric also varies depending on the choice of P. For example, the parity transformation P 1
keeps H in Eq. (49)
. Exactly solvable models can be found for several specific choices of V satisfying the above constraints. A few examples with PT invariance and the condition (54) are presented below.
Translationally invariant potential
The set of 2m equations (51) can be decoupled into m coupled equations for the choices of V ≡ V (z
In particular, the potential remains invariant under the transformations
where η i 's are m independent parameters. The form of the potential is special in the sense that it allows m independent parameters η i instead of a single one. The Hamiltonian is translationally invariant. The potential is chosen to be independent of z + i co-ordinates and hence, V as well as H is PT symmetric. With the choice of this translationally invariant potential, the first set of Eqs. of (51) can be solved as,ż
which when substituted in the second set of Eqs. result in the following set of m coupled differential equations:z
where Π i 's are m integration constants to be fixed by imposing initial conditions. The coordinates z + i are determined as,
where C i 's are integration constants. The inhomogeneous term on the right hand side of Eq. (57) poses problem for finding exact solutions for a large class of V and can be absorbed through a constant shift of the co-ordinates,
which reduces Eqs. (57) and (58) to the following forms:
However, an unpleasant outcome of this transformation is that the potential V , in general, becomes dependent on the dissipation parameter γ. In order to avoid such undesirable feature of the potential, the inhomogeneous part on the right hand side of Eq. (57) is taken to be zero by appropriate choice of initial conditions. In particular, the initial conditions onż
gives the values of m integration constants Π i = 0. Initial conditions on z The Π i 's are m integrals of motion: z
In particular, equation satisfied by z − i and z
) may be obtained from Eqs. (57) and (58) by using the above transformation and without any change for t, C i . Further investigations on exactly solvable models will be restricted to the case V ≡ V (z − i ) in this article. The duality relation may be used to obtain results for V ≡ V (z + i ). There are plenty of choices of V for which system governed by Eq. (60) is exactly solvable.
Quartic Oscillators
One of the simplest choices for m = 1, N = 2 is to consider the case of cubic nonlinear oscillator:
There are three different parametric regions for which exact solutions can be obtained in terms of Jacobi Elliptic functions:
The gain-loss parameter γ is restricted to lie in the range, −ω 0 < γ < ω 0 .
Non-singular stable solutions are obtained for 0 < k < 1.
(ii) ω 2 > 0, α < 0: The gain-loss parameter γ is restricted to lie in the range, −ω 0 < γ < ω 0 .
The restriction for having non-singular solution is 0 < k < 1.
(iii) ω 2 < 0, α > 0: Unlike the previous two cases, the angular frequency is restricted to lie in the range, −γ < ω 0 < γ. The solutions are unstable for the case of linear oscillators with balanced loss and gain [25] , whenever the gain-loss parameter γ exceeds the value of angular frequency. However, the effect of the nonlinear term is to allow stable solutions even when γ > ω 0 . The stable solutions exists, even if the confining harmonic term is absent, i.e., ω 0 = 0. There is no restriction on the possible range of γ for this particular choice of potential. In particular, there are two different types of solutions depending on the ranges of amplitude A of the solution of z 1 (t), one of which is stable and bounded. The unstable solution has the form:
where z + 1 (t) is unbounded within the range 0 < k < 1. The second solution is obtained for
≤ A < ∞ and is similar to Eq. (65) except for the expressions for Ω and k. The non-singular, stable solution is obtained as,
The effect of the non-linear interaction is significant, it allows an unbounded upper range for γ.
A natural choice for m = 2, N = 4 is to consider the potential for a coupled quartic nonlinear oscillators:
There are four distinct regions in parameter-space for which exact solutions exist [44] . For example, for the choice of the parameters ω 1 = ω 2 ≡ ω 0 , α 1 = α 2 ≡ α, 2β = 3α, z i satisfy the equation:
These two equations are separable in the co-ordinate, u = z 1 + z 2 , v = z 1 − z 2 and describe two cubic oscillators:ü + ω 2 u + αu
As discussed for the case of m = 1, N = 2, there are three distinct regions in the parameter-space for which exact solutions exist for a cubic oscillators. In each region,the solutions for z 1 (t) and z 2 (t) may be constructed by combining u ≡ u(A 1 , k 1 ) and v ≡ v(A 2 , k 2 ) for different values of the amplitude A and the modulus k. In particular,
For example, we may consider the solution in the range ω > 0, α > 0. In this range the solutions for u and v are given as:
Therefore , we have:
and
where
In terms of x i , i = 1, 2, 3, 4 variables the solutions are:
Non-singular stable solutions are obtained for 0 < k 1 < 1 and 0 < k 2 < 1. Solutions for the other range of the parameters are obtained similarly by using the Eqs. (66) and (67). For the choice of the parameters ω i = ω, α i = α and β = 0, the potential in Eq. (69) becomes spherically symmetric. This case will be considered in the next section where spherically symmetric systems are discussed.
Embedded Rotational Symmetric System
The original problem involving 2m particles has been reduced to the study of a m particle sub-system in terms of coordinates z i . Rotationally symmetric potential in this m dimensional subspace is considered. A new variable is introduced,
which may be identified as a radial variable in m dimensional Euclidean sub-space spanned by z i co-ordinates. The z i co-ordinates satisfy the equation,
for rotationally symmetric potential V (r). This equation can be expressed solely in terms of radial variable in m dimensional hyper-spherical co-ordinate,
where L 2 is the square of the angular momentum and a constant of motion. Exact solutions may be obtained for specific choices of V (r). The potential is chosen as,
for which Eq. (80) reduces to the form:
Three different parametric choices of the potential are discussed below separately:
(a) α = δ = 0: This describes a trivial generalization of coupled dissipative oscillator model considered in Ref. [25] . In fact, the system governed by the Hamiltonian (49) for this case is m copies of the system considered in Ref. [25] with ǫ = −ω 
The solution of which may be written as:
where α 1 , α 2 , α 3 are constants satisfying the conditions:
Further, Eq. (85) implies that for real r, α 2 must be positive and the restriction on k implies α 2 > α 3 , α 1 and E is the energy corresponding to m oscillators. The angular momentum L is a constant of motion. In general the solution for the angular part is a bit involved and is discussed in Appendix-B. However, a simplified solution for the angular variables may be obtained if we take the angular momentum to be identically zero for which all the angular variables become constant. With this simplifying assumption, all the z i are easily determined and we have:
where f i (θ i ) is the function of angular coordinates of the form appears in the hyper-spherical coordinate system and is a constant in this case. The solutions of z + i are of the form
with
It should be mentioned here that the expression of I(t) encounters singularity and therefore the solutions of z + i 's are not stable. (c) δ = 0: The system reduces to a chain of coupled nonlinear oscillators with non-linearity arising due to cubic terms. This may be considered as the rotationally symmetric case of Eq. (71) in m dimension. The Hamiltonian which produces Eq. (83) is known to be integrable for several distinct choices of the parameters [44] . For δ = 0 and m=2, Eq. (84) describes a quartic oscillator and the solution for r takes the following form:
where c is a constant of integration and z 1 , z 2 are respectively given as:
and the form of z + 1 and z + 2 are obtained as:
It should be mentioned here that the region of stable solution in the parameter-space remains same for any number of particles which is markedly different to the example considered in Ref. [31] where the stability region disappears as the number of oscillators is increased. The solutions for r and angular variables θ i , i = 1, 2, ...., m − 1 for nonzero L are discussed in the Appendix B.
Calogero-type systems with four-body interaction
In this subsection a solvable many particle model with four-body interaction in one dimension in the presence of balanced loss and gain terms is investigated. Many-body systems with fourbody interaction have been considered earlier in the literature [45, 46, 47] . The exactly solvable quantum models of Calogero and Sutherland type with translationally invariant two and fourbody interactions is investigated in Ref. [46] . An exactly solvable four-body interaction with non-translationally invariant interactions is discussed in Ref. [47] . In our example, the four-body inverse square interaction is generated in the presence of balanced loss and gain terms in the original coordinate x i by considering a Calogero-type of potential for the reduced system in z i coordinates. The exact known solutions of Calogero-type system is then exploited to obtain the exact solutions of the four-body model. The Calogero-type of system arises if we take the potential V (z i ) as
and the Eq. of motion (60) becomes:
The four-body interaction manifests itself in the potential as well as in the equations of motion, when z i 's are replaced by the original coordinates x i . In particular, the potential
describes a pair-wise two-body harmonic term plus a four-body inverse square interaction. The equations of motion are,
Note that the permutation symmetry of the reduced system in terms of z i is lost when expressed in terms of the original coordinates x i . The classical solutions of Eq. (99) are the well known solutions of rational Calogero system with a harmonic confinement and the solutions for z + i (t) can be obtained by integrating Eq. (100). The solution of Eq. (99) may be obtained from the Lax-pair formulation [48] (see Appendix-C), and is given by the eigenvalue of the following matrix:
where 
The closed form expressions for the eigenvalues of Q(t) and R(t) can be obtained easily for small N .
The case m = 1, N = 2 describes a system with only two-body interaction and is discussed in detail in Ref. [32] . The four-body interaction appears in the Hamiltonian for N ≥ 4. For the case N = 4, the eigenvalues of Q(t) gives:
and from Eq. (104), the eigenvalues of R(t) may be written as
Now x i , i = 1, 2, 3, 4 can easily be determined from Eq. (48). The solutions are periodic and stable. Solutions for N > 4 may be obtained in a similar way.
A few comments are in order before concluding the section;
i) The most general four-body inverse-square interaction for a many-particle system is of the form [45] :
which is invariant under permutation symmetry. On the other hand, the potential in Eq. (101) lacks permutation symmetry. It is interesting to note that the inverse-square part of the potential in Eq. (101)
forms a subset of the set of all the terms in (113). Further, although the form ofṼ 4 changes with a change in the representations of M, D and R, it always generates terms which form a subset of terms presented in V 4 .
ii) It should be mentioned here that another four-body exactly solvable model may be generated in a similar way if we consider the Sutherland model for the reduced system in z i coordinate. However, in this case in order to remove the harmonic term proportional to 4γ 2 a counter term should be included in the potential, i. e., the potential should be of the form:
This kind of potential gives Sutherland model for the reduced system in z i coordinates whose classical solutions are well known [48] . These solutions may be exploited to generate the solutions of a system having trigonometric four-body interaction. The solution of Calogero model for any root system with four-body interaction can be obtained in a similar manner. For an example D N type Calogero model with four-body interaction is carried out in Appendix-C.
Rotationally invariant potential
A constant of motion may be constructed for a class of potential V :
which can be interpreted as angular momentum in a co-ordinate system endowed with the metric M d for specific forms of R. The time-variation ofL is related to the potential V ,
andL is a constant of motion provided the following condition is satisfied:
The constraint (118) may be solved with the following ansatz for V :
where G is a symmetric matrix. Both M and its inverse M −1 are symmetric and anti-commute with D. For N = 2, with the representation of the matrices M, R, D given by Eq. (17), G is uniquely fixed to be G = M = σ x . For N > 2, one may choose G = aM + bM −1 , a, b ∈ ℜ. However, this choice is not unique, there are several other possibilities. For example, the matrices M, R.D may be chosen from a real representation of Clifford algebra [49] for N = 2 m , m ∈ Z + . It is always possible to find a representation where the number of non-diagonal symmetric matrices is m. Thus, for N > 2, G and M can be chosen independently.
Exactly Solvable Models with N = 2
The existence of two first integrals H andL implies that the governing system is integrable for N = 2 for any V (r). The representations of M, R, D are given by Eq. (17) and the matrix G = M = σ x and r = √ x 1 x 2 . There are several choices of V for which exactly solvable models can be constructed. The example of a system of coupled nonlinear oscillators is considered in this article in some detail. The potential is chosen as,
which gives the following Eq. of motion,
The parameter α controls the strength of the nonlinear interaction term, whereas ω is the angular frequency of the harmonic term. A system of uncoupled oscillators with balanced loss and gain, i.e., the system considered in Ref. [1] , is obtained for α = 0. The constant of motionL has the form,L
which is independent of α. The overall multiplication factor has no significance and one may defineL = − 2 γL as the constant of motion. The expression forL may also be obtained directly from Eq. (121). The constant value ofL is determined from the initial conditions imposed on x i (0) andẋ i (0). The valueL = 0 may be obtained for different sets of boundary conditions. For L = 0, x 1 (t) and x 2 (t) are related to each other. In particular,
where q(t) satisfies the equation of a cubic nonlinear oscillator:
which is exactly solvable. This equation is identical to the second Eq. of (64) with the identification Ω 2 = ω 2 , Γ = α. Exact non-singular solutions for q can be found. However, x 1 is always a decaying solution, while x 2 is a growing solution. The system of harmonic oscillators with balanced loss and gain and without any coupling between the two has similar solutions. The introduction of a nonlinear coupling between the two as specified in Eq. (121) do not give any stable solutions. The specific type of non-linearity for whichL is a constant of motion is not suitable for obtaining classically stable solutions. 
It may be noted that r has the interpretation of the radial variable in a pseudo-Euclidean coordinate with the signature of the metric as (1, −1, 1, −1, . . . , 1, −1). With the choice of the potential V ≡ V (r), the Hamiltonian (49) with γ = 0 is rotationally invariant in this pseudoEuclidean co-ordinate. The rotational invariance of the Hamiltonian (49) is partially lost for γ = 0, since the term linear in γ is the sum of angular momenta for rotations in m planes specified by 'z (49) is invariant under rotation when the planes of rotations are chosen as 'z
The Eqs. of motion for a V ≡ V (r) with r given by Eq. (125) reads,
Multiplying the Eq. for z
and subtracting the resulting equations, m constants of motion may be obtained as,
These constants of motion along with the Hamiltonian constitute m + 1 number of integrals of motion,
implying that the system at least partially integrable. The co-ordinates may be parametrized in terms of m functions q i (t) as, 
Exactly solvable models may be constructed for suitable choices of q.
A particular example of exactly solvable model is a chain of coupled nonlinear oscillators. The equation (130), with the choice of the potential as in (120) and the radial variable defined by (125), can be expressed as,q
which is exactly solvable. In terms of r in Eq. (125), Eq. (131) takes the form of Eq. (83) with δ = 0 and ω replaced by Ω. Therefore, with this identification of parameters the solutions of Eq. (83) are also valid solutions of Eq. (131). The solutions of x 2i are always a decaying one, while that of x 2i−1 are a growing one. The system of harmonic oscillators with balanced loss and gain and without any coupling between them has similar solutions. The introduction of a nonlinear coupling as in (120) does not produce any stable solutions.
Summary & Discussions
A Hamiltonian formulation of a generic many-body system with balanced loss and gain has been investigated. The form of a generic many-particle Hamiltonian including gauge potential has been assumed. The requirement that the resulting Eqs. of motion contain balanced loss and gain terms severely restricts the allowed range of the gain-loss coefficient and the possible form of the interacting potential. The balancing of the loss and gain terms occur in a pair-wise fashion, i.e corresponding to the coefficient γ of a loss term there exits necessarily a gain term having the coefficient −γ and balancing of γ by two of more terms are not allowed. It has been found that some of the well-known many-particle systems like Calogero models are not amenable to Hamiltonian formulation for three or more particles, if they are generalized to include balanced loss and gain terms. In the Calogero model each particle interacts with rest of the particles which is manifested in the respective equations of motion. If this feature is sacrificed, then a Hamiltonian formulation for many-body system having inverse square potential plus a harmonic term may be incorporated in the context where loss and gain are balanced. In fact, in spite of the imposing restriction, the Hamiltonian formulation for a large class of system is formulated with balancing loss and gain terms that also includes some of the known examples. Finally, it is shown that the Hamiltonian can always be reformulated in the background of a pseudo-Euclidean metric through some transformations of the coordinate. A Hamiltonian formulation for systems with space-dependent balanced loss and gain terms is also presented. The system having balanced loss and gain is investigated from the viewpoint of exactly solvable models. Two types of exactly solvable models with balanced loss and gain are considered. Type-I system is characterized by a potential which has a translational symmetry although the Hamiltonian does not respect this symmetry. The type-II system is characterized by a potential which has a rotational symmetry in the background of a space having pseudo-Euclidean metric of the form g ij = (−1) i+1 δ ij . The Hamiltonian for type-II models is not invariant under rotation in any plane, but, invariant under rotations in specific planes. For both types of systems, apart from the Hamiltonian, m number of integrals of motion are constructed where N = 2m is the number of particles in the system.These integrals of motion are in involution implying that the system is at least partially integrable. The existence of m degrees of freedom make it possible to determine the dynamics of the original system with 2m degrees of freedom in terms of an effective system having m degrees of freedom. The exactly solvability of the effective system ensures the same for the original Hamiltonian.
For the type-I models, stable classical solutions are obtained in terms of Jacobi elliptic functions for particular ranges of parameters. For the case of a single quartic nonlinear oscillator, stable solutions are obtained even if the gain-loss parameter γ is varied without any upper bound. Exact solutions are obtained in closed analytical form for several models which are appropriate generalizations of well-known systems like, two particles coupled nonlinear oscillators, Henon-Heils system, Calogero-type model etc. Some exactly solvable many particle systems with balanced loss and gain and are interacting via a four-body potential are investigated. The exact solutions of these model are obtained by exploiting the known solutions of Calogero-type of models. It is found that the balancing of the loss and gain terms in a pair-wise fashion highly restricts the possible form of the four-body interaction. Exact solutions are obtained for several type-II models, including coupled chain of nonlinear oscillators. However, the solutions are not stable and there exists no region in the parameter-space for which stable solutions are possible. There are equal number of growing and decaying solutions for even number of particles. Exact solutions are obtained in terms of Jacobi elliptic functions multiplied by an exponentially decaying/growing factor.
The Schwinger-Keldysh formalism is an useful tool for studying nonequlibrium many-particle systems. It is being used in a variety of contemporary topics like driven open quantum systems [50, 51, 52] , time-dependent density-functional theory [53] , relativistic hydrodynamics, physics of black-holes, dynamics of entanglement in quantum field theory etc. [54] . The invariance of Schwinger-Keldysh action under time-reversal symmetry plus time-translation corresponds to thermodynamic equilibrium [51] . The Hamiltonian is the generator of the time-translation and unitary time evolution, while invariance under time-reversal symmetry conforms to principle of detailed balance.
The above result is worth comparing with that of the systems with balanced loss and gain, where an equilibrium is reached in regard to energy transfer between the system and the bath for unbroken PT symmetry [25, 31, 32] . The action corresponding to the Lagrangian in Eq. (6) and the associated Hamiltonian are invariant under time-translation, as in the case of SchwingerKeldysh action at thermodynamic equilibrium. An apparent difference between the two cases arises in respect to discrete symmetries. The Schwinger-Keldysh action at thermodynamic equilibrium is invariant under time-reversal symmetry, whereas unbroken PT symmetry is essential for the existence of stable classical solutions of H in Eq. (3) or the respective quantum bound states [25, 31, 32, 55] . This apparent difference may be removed, if a non-conventional time-reversal symmetry [56] is used instead of the conventional one, which generates the same canonical transformations as in the case of PT symmetry. For example, the Hamiltonian in Eq. (49) can be interpreted as a system of m particles on the two dimensional plane embedded in a three dimensional system. Following Ref. [56] , a non-conventional time-reversal symmetry(T ) for the many-particle system may be defined as,
where J z − i denotes generator of rotation for the i-th particle around z − -axis and T is the conventional time-reversal operator. If the third degree of freedom for the i-th particle is denoted as z Further, for any two quantum mechanical states |ψ and |φ , T φ|T ψ = ψ|φ signifies time-reversal invariance. Thus, the PT symmetry on the plane and the non-conventional time-reversal symmetryT in three dimensions induces the same canonical transformations on the z − − z + plane. Consequently, the conditions for thermodynamic equilibrium of the SchwingerKeldysh action and equilibrium condition for systems with balanced loss and gain may be identified as similar.
Some future directions of study may be listed as follows:
• The many particle interaction of Calogero model is governed by root system of finite reflection groups. The type of Calogero model considered in this work belongs to A-type root system. However, Calogero-Moser system is integrable for other root systems such as B,C,D and also for the exceptional and non-crystallographic root systems. Therefore, the investigation of integrability and exact solvability of all such root systems in the presence of the balanced loss and gain terms will be a part of the future studies. Further, the integrability and exact solvability of impenetrable system where the nearest neighbour and the next-to-nearest neighbours interact [57] in the presence of the balanced loss and gain terms will also be a part of the future investigation.
• The field equations arising from the large N limit of all such systems are to be investigated (See, for example, [58] and the references therein).
• In the pseudo-euclidean metrics Chern-Simons gauge theory in the infrared region is associated with dissipative dynamics [38] . The connection of the balanced loss and gain systems considered in this work with particular gauge theory will be very much interesting.
• In the present work, we mainly concerned with the Hamiltonian formulation of a generic many-body systems with balanced loss and gain, their integrability and exact solvability at the classical level. The quantization of this kind of systems will be a part of the future investigation. .
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It should be mentioned here that the expression of E(t) encounters singularity and therefore the solutions of z + i 's are not stable.
Appendix B
The Lagrangian of a N particle rotationally symmetric system in hyper-spherical coordinates has the following form: 
The Hamilton-Jacobi (HJ) characteristic function in this case may be written as: 
The first Eq. (144) gives 
By carrying on similar procedure we have in general:
Thus if β r , β θi ∀i, i = 1...N − 1 are the initial values of the radial and angular coordinates respectively then from Eq. (142) we have: 
Rest of the Eqs. give relations between θ i and θ i+1 ∀i, i = 2, .....N − 2. Thus, once the solutions of the set of Eqs. in (150) are known, the radial and angular variables can be expressed as a function of time.
Appendix C
The Lax-pair for the system (99) may be written as [48] :
The diagonal matrix X(t) is defined by X(t) = δ ij z i (t). The Eq. (99) may now be written in the following matrix form:Ẋ
We define another matrix Q(t) in the following fashion:
where U (t) is a unitary matrix , satisfying the relation:
With this constructions it is easy to evaluate thaṫ
with the following solutions: 
The solution of Eq. (162) may be obtained from the Lax-pair formulation [48, 61] . The Lax-pair for the system (162) may be written as:
and the diagonal matrix X(t) is defined by X(t) = δ ij z i (t). The Eq. (162) may now be written in the following matrix form:
with the following solutions:
Q(t) = Q(0) cos (ωt) + ω −1Q (0) sin (ωt), 
Once the eigen values of the matrices Q(t) and R(t) are known, x 2i−1 and x 2i can easily be constructed using Eq. (48) . After a coordinate transformation of the form (48), the Eq. (162) gives rise to the following Eqs. of motion:
